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BOUNDARY SHAPE CONTROL OF NAVIER-STOKES EQUATIONS
AND GEOMETRICAL DESIGN METHOD FOR BLADE’S SURFACE
IN THE IMPELLER∗
KAITAI LI† , JIAN SU‡ , AND LIQUAN MEI§
Abstract. In this paper A Geometrical Design Method for Blade’s surface ℑ in the impeller
is provided here ℑ is a solution to a coupling system consisting of the well-known Navier-Stokes
equations and a four order elliptic boundary value problem . The coupling system is used to describe
the relations between solutions of Navier-Stokes equations and the geometry of the domain occupied
by fluids, and also provides new theory and methods for optimal geometric design of the boundary
of domain mentioned above. This coupling system is the Eular-Lagrange equations of the optimal
control problem which is describing a new principle of the geometric design for the blade’s surface
of an impeller. The control variable is the surface of the blade and the state equations are Navier-
Stokes equations with mixed boundary conditions in the channel between two blades. The objective
functional depending on the geometry shape of blade’s surface describes the dissipation energy of the
flow and the power of the impeller. First we prove the existence of a solution of the optimal control
problem. Then we use a special coordinate system of the Navier-Stokes equations to derive the
objective functional which depends on the surface Θ explicitly. We also show the weakly continuity
of the solution of the Navier-Stokes equations with respect to the geometry shape of the blade’s
surface.
Key words. blade, boundary shape control, general minimal surface, Navier-Stokes equations,Euler-
Lagrange equations.
AMS subject classifications. 65N30, 76U05, 76M05
1. Introduction. Blade’s shape design for the impeller is driven by the need of
improving performance and reliability. So far we have not found a geometric design
entirely from mathematical point of view. As it is well known that the blade’s surface
is a part of the boundary of the flow domain in the impeller. We can use the technique
of the boundary geometric control problem for the Navier-Stokes equations to design
the blade’s shape. This idea is motivated by the classical minimal surface which is to
find a surface spanning on a closed Jordanian curvilinear C such that
J(ℑ) = Aug inf
S ∈F
J(S)
where J(S) =
∫ ∫
S
dS is the area of S.
In this paper we try to propose a principle for a fully mathematical design of the
surface of the blade in an impeller. This principle models a general minimal surface
by minimizing a functional proposed by us. A key point in this modelling process
is theoretical rationality and the realization of our design procedure. Using a tensor
analysis technique we realize this procedure and obtain the Eular-Lagrange equations
for blade’s surface which is a system coupling an elliptic boundary value problem,
the Navier-Stokes equations and linearized Navier-Stokes equations, and prove the
existence of solution of the system coupling problem.
This paper is organized as follows. In section 2 we give the main results of this
paper. In section 3, we derive the rotating Navier-Stokes equations in the channel
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in the impeller with mixed boundary condition under a new coordinate system. We
give the minimizing functional problem and derive the Euler-Lagrange equations in
section 4. In section 5 another model to design the blade of the impeller is given. In
the last section we prove the existence of the solution to the optimal control problem,
including the existence of the solution of Navier-Stokes Equations with mixed bound-
ary conditions and the weakly continuous dependence relationships of the solution of
Navier-Stokes equation with respect to the geometry shape of the blade’s surface and
so on.
2. Main Results. Suppose (x1, x2) ∈ D ⊂ E2(2D − EuclidianSpace). A
smooth mapping Θ(x1, x2) is the image of a surface. On the other hand, suppose
that (r, θ, z) is a polar cylindrical coordinate system rotating with impeller’s angular
velocity ω .
(~er, ~eθ, ~k) are the corresponding base vectors. z-axis is the rotating axis of the
impeller. N is the number of blade and ε = π/N . The angle between two successive
blades is 2πN . The flow passage of the impeller is bounded by ∂Ωε = Γin ∪ Γout ∪ Γt ∪
Γb ∪ S+ ∪ S−. The middle surface S of the blade is defined as the image ~ℜ of the
closure of a domain D ⊂ R2 where ~ℜ : D → ℜ3 is a smooth injective mapping which
can be expressed by that for any point ~ℜ(D) ∈ S
~ℜ(x) = x2~er + x2Θ(x1, x2)~eθ + x1~k, ∀x = (x1, x2) ∈
−
D, (2.1)
where Θ ∈ C2(D,R) is a smooth function. x = (x1, x2) is called a Gaussian coordinate
system on S. It is easy to prove that there exists a family Sξ of surfaces with a single
parameter to cover the domain Ωε defined by the mapping D → Sξ = { ~R(x1, x2; ξ) :
∀(x1, x2) ∈ D}:
~R(x1, x2; ξ) = x2~er + x
2(εξ +Θ(x1, x2))~eθ + x
1~k, (2.2)
It is clear that the metric tensor aαβ of Sξ is homogenous and nonsingular independent
of ξ, and is given as follows:
aαβ =
∂ ~R
∂xα
∂ ~R
∂xβ
= δαβ + r
2ΘαΘβ, a = det(aαβ) = 1 + r
2(Θ21 +Θ
2
2) > 0, (2.3)
From this we establish a curvilinear coordinate system (x1, x2, ξ) in ℜ3 ,
(r, θ, z)→ (x1, x2, ξ) : x1 = z, x2 = r, ξ = ε−1(θ −Θ(x1, x2)), (2.4)
that maps the flow passage domain
Ωε = { ~R(x1, x2, ξ) = x2~er + x2(εξ +Θ(x1, x2))~eθ + x1~k, ∀(x1, x2, ξ) ∈ Ω}
into a fixed domain in E3(3D Euclidian Space):
Ω = {(x1, x2) ∈ D,−1 ≤ ξ ≤ 1} in ℜ3
which is independent of Surface S of the blade, and Jacobian
J(
∂(r, θ, z)
∂(x1, x2, ξ)
) = ε,
therefore the transformation is nonsingular.
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Assume that (x1
′
, x2
′
, x3
′
) = (r, θ, z),as well known that corresponding metric
tensor of ℜ3 is (g1′1′ = 1, g2′2′ = r2, g3′3′ = 1, gi′j′ = 0∀i′ 6= j′). According to rule of
tensor transformation under coordinate transformation we have following calculation
formulae
gij = gi′j′
∂xi
′
∂xi
∂xj
′
∂xj
.
Substituting (2.3) into above formulae the metric tensor of E3 in new curvilinear
coordinate system can be obtain
gαβ = aαβ , g3β = gβ3 = εr
2Θβ, g33 = ε
2r2, g = det(gij) = ε
2r2. (2.5)
Through this paper we denote Θα =
∂Θ
∂xα . Its contravariant components are given by
gαβ = δαβ , g3β = gβ3 = −ε−1Θβ, g33 = ε−2r−2(1 + r2|∇Θ|2), (2.6)
where |∇Θ|2 = Θ21 +Θ22 and Θα =
∂Θ
∂xα
.
♣ First Model:
Theorem 2.1. Suppose the Θ is a blade’s surface defined by (2.1). Then Θ
is proposed as a solution of following elliptic boundary value problem:
∂2
∂xλ∂xσ
(Kαβλσ(w) ∂
2Θ
∂xβ∂xα
) + ∂
2
∂xλ∂xσ
(rΦ̂λσ(w,Θ))
− ∂
∂xλ
(rΦˆλ(w,Θ)) + Φˆ0(w, ŵ)r = 0, ∀(x1, x2) ∈ D ⊂ ℜ2
Θ = Θ0,
∂Θ
∂n = Θ∗, on∂D
(2.7)
combing Navier-Stokes equations and linearized Navier-Stokes equations, where
(w, p) and (ŵ, p̂) are solutions of compressible or incompressible rotating Navier-
Stokes equations (3.1) or (3.7) and linearized Navier-Stokes equations (3.34)
respectively and
Kαβλσ(w,Θ) = 2µr3Wασδβλ, Wαβ =
∫ 1
−1
wαwβdξ, (2.8)
Φ˜0, Φ˜λ, Φ˜λσ are defined by (4.11) respectively.
Variational formulation associated with (2.7) is given by
Find Θ ∈ VΓ(D) = {q|q ∈ H2(D), q|Γ0 = Θ0, ∂q∂n |Γ0 = 0},
such that, ∀η ∈ H20 (D)∫ ∫
D[(K
λσνµ(w)Θνµ + rΦˆ
λσ(w,Θ)]ηλσdx
+
∫ ∫
D
[rΦˆλ(w,Θ)ηλ + rΦˆ
0(w, ŵ,Θ)η]dx = 0.
(2.9)
♣ Second Model:
Theorem 2.2. Suppose the Θ is a blade’s surface defined by (2.1). Then Θ
is proposed as a solution of following elliptic boundary value problem :
−
(
K0(w)∆˜Θ +K
λν(w,Θ)Θνλ
)
+ F νµ(w)ΘνΘµ
+Fλ(w)Θλ + F0(w,Θ) = 0,
Θ|γ = Θ0,
(2.10)
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where K0(w),K
λν(w), F νµ(w), Fλ(w), F0(w,Θ) are defined by (5.15). The
variational formulation associated with (5.11) is given by
Find Θ ∈ H1γ(D) = {v|v ∈ H1(D), v = Θ∗ on γ = ∂D}
such that, ∀η ∈ H10 (D)∫ ∫
D
{
[Ψ0(w, p,Θ)η +Ψ
λ(w, p,Θ)ηλ − µr2W σ ∂(Θληλ)∂xσ ]rωεr
}
dx = 0,
(2.11)
where
Ψλ(w, p,Θ) = Ψλ0 (w, p) + Ψ
λ
ν (w, p)Θν +Ψ
λ
νµ(w, p)ΘνΘµ, (2.12)
and Ψ0(w, p,Θ),Ψ
λ
0 (w, p),Ψ
λ
ν (w, p),+Ψ
λ
νµ(w, p) are defined by (5.10)(5.11).
3. Rotating Navier-Stokes Equations With Mixed Boundary Condi-
tions. At first, we consider the three-dimensional rotating Navier-Stokes equations
in a frame rotating around the axis of a rotating impeller with an angular velocity ω:
∂ρ
∂t
+ div(ρw) = 0,
ρa = ∇σ + f,
ρcv(
∂T
∂t
+ wj∇jT )− div(κgradT ) + pdivw − Φ = h,
p = p(ρ, T ),
(3.1)
where ρ is the density of the fluid, w the velocity of the fluid, h the heat source,
T the temperature, k the coefficient of heat conductivity, Cv specific heat at constant
volume, and µ viscosity. Furthermore, the strain rate tensor, stress tensor,dissipative
function and viscous tensor are given by respectively:
eij(w) =
1
2
(∇iwj +∇jwi); i, j = 1, 2, 3,
eij(w) = gikgjmekm(w) =
1
2
(∇iwj +∇jwi),
σij(w, p) = Aijkmekm(w), Φ = A
ijkmeij(w)eij(w),
Aijkm = λgijgkm + µ(gikgjm + gimgjk), λ = − 23µ,
(3.2)
where gij , and g
ij are the covariant and contravariant components of the metric tensor
of dimensional three Euclidian space in the curvilinear coordinate (x1, x2, ξ) define by
(2.4) respectively,
∇iwj = ∂w
j
∂xi
+ Γjikw
k; ∇iwj = ∂wj
∂xi
− Γkijwk,
Γijk = g
il(
∂gkl
∂xj
+
∂gjl
∂xk
− ∂gjk
∂xl
).
(3.3)
The absolute acceleration of the fluid is given by
ai =
∂wi
∂t
+ wj∇jwi + 2εijkωjwk − ω2ri;
a =
∂w
∂t
+ (w∇)w + 2~ω × ~w + ~ω × (~ω × ~R),
(3.4)
where ~ω = ω~k is the vector of angular velocity, ~k the unite vector along axis , and ~R
the radium vector of the fluid particle. The flow domain Ωε occupied by the fluids in
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the channel in the impeller. The boundary ∂Ωε of flow domain Ωε consists of inflow
boundary Γin, out flow boundary Γout, positive blade’s surface S+, negative blade’s
surface S− and top wall Γt and Bottom wall Γb:
∂Ωε = Γ = Γin ∪ Γout ∪ S− ∪ S+ ∪ Γt ∪ Γb (3.5)
Boundary conditions are given by
w|S−∪S+ = 0, w|Γb = 0, w|Γt = 0,
σij(w, p)nj |Γin = giin, σij(w, p)nj |Γout = giout(Natural conditions)
∂T
∂n + λ(T − T0) = 0where λ ≥ 0 is constant,
(3.6)
If the fluid is incompressible and flow is stationary then
divw = 0,
(w∇)w + 2~ω × ~w +∇p− νdiv(e(w)) = −~ω × (~ω × ~R) + f,
w|Γ0 = 0, Γ0 = S+ ∪ S− ∪ Γt ∪ Γb,
(−pn+ 2νe(w))|Γin = gin, Γ1 = Γin ∪ Γ0ut,
(−pn+ 2νe(w))|Γout = gout,
w|t=0 = w0(x), Ωε,
(3.7)
For the polytropic ideal gas and flow is stationary, system (3.1) turns to the
conservation form
div(ρw) = 0,
div(ρw ⊗ w) + 2ρω × w +R∇(ρT )
= µ∆w + (λ+ µ)∇divw − ρω × (ω × ~R),
div[ρ( |w|
2
2 + cvT +RT )w]
= κ∆T + λdiv(wdivw) + µdiv[w∇w] + µ2∆|w|2,
(3.8)
while for isentropic ideas gases, it turns
div(ρw) = 0,
div(ρw ⊗ w) + 2ρω × w + α∇(ργ)
= 2µdiv(e) + λ∇divw − ρω × (ω × ~R), (3.9)
where γ > 1is the specific heat radio and α a positive constant.
The rate of work done by the impeller and global dissipative energy are given by
I(S,w(S)) =
∫ ∫
S−∪S+
σ · n · eθωrdS, J(S,w(S)) =
∫ ∫ ∫
Ωε
Φ(w)dV (3.10)
where eθ is base vector along the angular direction in a polar cylindrical coordinate
system.
Let us employ new coordinate system defined by (2.2). Flow’s domain Ωε is
mapped into Ω = D× [−1, 1], where D is a domain in (x1, x2) ∈ ℜ2 surround by four
arc ÂB, ĈD, ĈB, D̂A such that
∂D = γ0 ∪ γ1, γ0 = ÂB ∪ ĈD, γ1 = ĈB ∪ D̂A,
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and there exist four positive functions γ0(z), γ˜0(z), γ1(z), γ˜1(z) such that
r := x2 = γ0(x
1) = γ0(z) on ÂB, x
2 = γ˜0(x
1) on ĈD
r := x2 = γ1(x
1) = γ1(z) on D̂A, x
2 = γ˜1(x
1) on B̂C,
r0 ≤ γ0(z) ≤ r1 on ÂB, r0 ≤ γ˜0(z) ≤ r1 on ĈD,
r0 ≤ γ1(z) ≤ r1 on D̂A, r0 ≤ γ˜1(z) ≤ r1 on B̂C.
(3.11)
Let
Γ˜in = ~ℜ(Γin), Γ˜out = ~ℜ(Γout), Γ˜b = ~ℜ(Γb), Γ˜t = ~ℜ(Γt),
Γ˜1 = Γ˜out ∪ Γ˜in, Γ˜0 = Γ˜b ∪ Γ˜t ∪ {ξ = 1} ∪ {ξ = −1}, (3.12)
∂D = γ0 ∪ γ1, ∂Ω = Γ˜0 ∪ Γ˜1,
γ0 = (D ∩ Γ˜b) ∪ (D ∩ Γ˜t), γ1 = (D ∪ Γ˜out) ∪ (D ∪ Γ˜in), (3.13)
where ~ℜ is defined by (2.1).
Let denote
V (Ω) := {v|, v ∈ H1(Ω)3, v|eΓ0 = 0}, H1Γ(Ω) = {q|, q ∈ H1(Ω), q|eΓ0 = 0}. (3.14)
The variational formulations for Navier-Stokes problem (3.7) and (3.9) are respectively
given by 
Find (w, p), w ∈ V (Ω), p ∈ L2(Ω), such that
a(w, v) + 2(ω × w, v) + b(w,w, v)+
−(p, divv) = 〈F, v〉, ∀ v ∈ V (Ω),
(q, divw) = 0, ∀ q ∈ L2(Ω),
(3.15)
and 
Find (w, ρ), w ∈ V (Ω), ρ ∈ Lγ(Ω), such that
a(w, v) + 2(ω × w, v) + b(ρw,w, v)+
+(−αp+ λdivw, divv) = 〈F, v〉, ∀ v ∈ V (Ω),
(∇q, ρw) = 〈ρwn, q〉|Γ1 , ∀ q ∈ H1Γ(Ω),
(3.16)
where
〈F, v〉 :=< f, v > + < g˜, v >eΓ1 ,〈g˜, v〉 = 〈gin, v〉|eΓin + 〈gout, v〉|eΓout ,
a(w, v) =
∫
ΩA
ijkmeij(w)ekm(v)
√
gdxdξ,
b(w,w, v) =
∫
Ω
gkmw
j∇jwkvm√gdxdξ,
(3.17)
Next we rewrite (3.7) and (3.9) in new coordinate system. Because second kind of
Christoffel symbols in new coordinate system are
Γαβγ = −rδ2αΘβΘγ , Γα3β = −εrδ2αΘβ,
Γ3αβ = ε
−1r−1(δ2αδλβ + δ2βδ
λ
α)Θλ + ε
−1Θαβ + ε−1rΘ2ΘαΘβ,
Γ33α = Γ
3
α3 = r
−1δ2α + rΘ2Θα Γα33 = −ε2rδ2α, Γ333 = εrΘ2.
(3.18)
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the covariant derivatives of the velocity field ∇iwj = ∂wj∂xi + Γjikwk can be expressed
as
Lemma 3.1. Under the curvilinear coordinate system (x1, x2, ξ) defined by (2.4),
the covariant derivatives of the velocity field can be expressed as
∇αwβ = ∂wβ∂xα − rδβ2ΘαΠ(w,Θ),
∇αw3 = ∂w3∂xα + ε−1(x2)−1w2Θα + ε−1wβΘαβ + (εx2)−1a2αΠ(w,Θ),
∇3wα = ∂wα∂ξ − x2εδ2αΠ(w,Θ),
∇3w3 = ∂w3∂ξ + w
2
x2 + x
2Θ2Π(w,Θ),
divw = ∂w
α
∂xα +
w2
x2 +
∂w3
∂ξ , Π(w,Θ) = εw
3 + wβΘβ.
(3.19)
and the deformation tensors are given by{
eij(w) = ϕij(w) + ψij(w,Θ);
ψij(w,Θ) = ψ
λ
ij(w)Θλ + ψ
λσ
ij (w)ΘλΘσ + e
∗
ij(w,Θ),
(3.20)
where
ϕαβ(w) =
1
2
(
∂wα
∂xβ
+
∂wβ
∂xα
),
ϕ3α(w) =
1
2
(
∂wα
∂ξ
+ ε2r2
∂w3
∂xα
), ϕ33(w) = ε
2r2(
∂w3
∂ξ
+
w2
r
),
(3.21)

ψλαβ(w) =
1
2
εr2(
∂w3
∂xα
δλβ +
∂w3
∂xβ
δλα),
ψλ3α(w) =
1
2
εr2(
∂wλ
∂xα
+ δλα(
∂w3
∂ξ
+
2
r
w2)), ψλ33(w) = εr
2 ∂w
λ
∂ξ
,
ψλσαβ(w) =
1
2
r2(
∂wλ
∂xα
δβσ +
∂wλ
∂xβ
δσα +
2
r
w2δαλδσβ),
ψλσ3α (w) =
1
2r
2 ∂w
λ
∂ξ
δασ, ψ
λσ
33 (w) = 0.
(3.22)
e∗αβ(w,Θ) =
1
2r
2wσ(ΘαΘσβ +ΘβΘσα), e
∗
3α(w) =
1
2εr
2wσΘσα, e
∗
33(w) = 0. (3.23)
The proof is omitted here.
By simply tensor calculations in terms of (3.19) (2.5) and (2.6),
Aijklekl(w)eij(v)
= eαβ(w)eαβ(v) + 2(g
33δαβ + ε−2ΘαΘβ)e3α(w)e3β(v)
+g33g33e33(w)e33(v) − 2ε−1Θβ(eαβ(w)e3α(v) + eαβ(v)e3α(w))
−2ε−1g33Θα(e33(w)e3α(v) + e33(v)e3α(w))
+ε−2ΘαΘβ(eαβ(w)e33(v) + eαβ(v)e33(w)) = Aijklϕkl(w)ϕij(v)
+Aijkl[ϕkl(w)ψij(v,Θ) + ψkl(w,Θ)ϕij(v) + ψkl(w,Θ)ψij(v,Θ)],
(3.24)
and ∫
Ω
Aijklϕkl(w)ϕij(v)rεdξdx = ((w, v)) +
∫
Ω
B(w, v,Θ)dξdx,
where
((w, v)) =
∫
Ω
2µ
[
ϕαβ(w)ϕαβ(v) + 2(rε)
−2ϕ3α(w)ϕ3β(v) + (rε)−4ϕ33(w)ϕ33(v)
]
rεdξdx,
‖w‖2Ω := ((w,w)),
a(w, v) = ((w, v)) +
∫
Ω
2ν [B(w, v,Θ) +A(w, v,Θ)] rεdξdx,
(3.25)
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and
B(w, v,Θ) = 2µ[2ε−2(|∇Θ|2δαβ +ΘαΘβ)ϕ3α(w)ϕ3β(v)
+ε−4r−2|∇Θ|2(1 + a)ϕ33(w)ϕ33(v)
−2ε−1Θβ(ϕαβ(w)ϕ3α(v) + ϕαβ(v)ϕ3α(w))
−2ε−1g33Θα(ϕ33(w)ϕ3α(v) + ϕ33(v)ϕ3α(w))
+ε−2ΘαΘβ(ϕαβ(w)ϕ33(v) + ϕαβ(v)ϕ33(w))],
A(w, v,Θ) : = Aijkl [ϕkl(w)ψij(v,Θ) + ϕij(v)ψkl(w,Θ) + ψij(w,Θ)ψij(v,Θ)]
(3.26)
In particular,
B(w,w,Θ) = 2µ[2ε−2(|∇Θ|2δαβ +ΘαΘβ)ϕ3α(w)ϕ3β(w)
+ε−4r−2|∇Θ|2(1 + a)ϕ33(w)ϕ33(w) − 4ε−1Θβϕαβ(w)ϕ3α(w)
−4ε−1g33Θαϕ33(w)ϕ3α(w) + 2ε−2ΘαΘβϕαβ(w)ϕ33(w)],
A(w,w,Θ) = Aijkl[2ϕkl(w)ψij(w,Θ) + ψij(w,Θ)ψij(w,Θ)]
(3.27)
Next we consider trilinear form. Using (3.19), we have
wj∇jwβ = wα ∂wβ∂xα + w3 ∂w
β
∂ξ − rδ2βΠ(w,Θ)Π(w,Θ),
wj∇jw3 = wα ∂w3∂xα + w3(∂w
3
∂ξ +
w2
r ) + ε
−1wαwβΘαβ
+ε−1rΘ2Π(w,Θ)Π(w,Θ) + ε−1r−1w2(wαΘα +Π(w,Θ)),
Therefore
b(w,w, v)
=
∫
D
∫ 1
−1 gkmw
j∇jwkvm√gdξdx =
∫
D
∫ 1
−1{[aαβ(wλ ∂w
α
∂xλ + w
3 ∂wα
∂ξ )
+εr2Θβ(w
λ ∂w3
∂xλ
+ w3(∂w
3
∂ξ +
w2
r ))− rδ2βΠ(w,Θ)Π(w,Θ)
+r2wσwλΘσλΘβ + rΘβw
2(wλΘλ +Π(w,Θ))]v
β
+εr2[Θα(w
λ ∂wα
∂xλ
+ w3 ∂w
α
∂ξ ) + ε(w
λ ∂w3
∂xλ
+ w3(∂w
3
∂ξ +
w2
r ))
+wαwβΘαβ + w
2(wαΘα + Π(w,Θ))]v
3}rεdξdx
(3.28)
By similar manner, angular velocity vector is given by
~ω = ω ~e1 − ε−1ωΘ1 ~e3,
2~ω × ~w
= −2rωδα2(εw3 + wβΘβ) ~eα + 2rωε−1[Θ2(εw3 + wβΘβ) + r−2w2]~e3
= −2rωδα2Π(w,Θ) ~eα + 2rωε−1[Θ2Π(w,Θ) + r−2w2]~e3,
(3.29)
while Coliali form
C(w, v)
:=
∫
D
∫ 1
−1 2gij(~ω × w)ivj
√
gdξdx
=
∫
D
∫ 1
−1[2aαβ(~ω × w)αvβ + 2ε(x2)2Θα((~ω × w)αv3 + (~ω × w)3vα)
+2ε2(x2)2(~ω × w)3v3]εx2dξdx
=
∫
D
∫ 1
−1 2rω[(w
2Θβ − δ2βΠ(w,Θ))vβ + εw2v3]rεdξdx
(3.30)
It is very easy to verify that
C(w,w) = 0. (3.31)
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Throughout this paper, Latin indices and exponents i, j, k · · · vary in the set
{1, 2, 3}, while Greek indices and exponents α, β, γ · · · vary in the set {1, 2} . Fur-
thermore, the summation convention with respect to repeated indices or exponents is
systematically used in conjunction with this rule.
Lemma 3.2. The function ‖ · ‖Ω defined by (3.25) is a norm in Hilbert space
V (Ω) := {v ∈ H1(D)3, v|eΓ1 = 0, } (3.32)
Proof. Indeed it is enough to prove that
‖w‖Ω = 0, ∀w ∈ V (Ω)⇒ w = 0.
This means that
‖w‖Ω = 0, i.e., ϕij(w) = 0.
we have to prove w = 0. Firstly, the following identity is held
∂γ(∂αw
β) = ∂γϕαβ(w) + ∂αϕγβ(w) − ∂βϕαγ(w).
This shows that
ϕαβ(w) = 0, inD ⇒ ∂γ∂αwβ = 0, inD′(D).
By a classical result from distribution theory, each function w is therefore a polynomial
of degree≤ 1(recall that the set D is connect). In other words, there exist constants
cα and dαβ such that
wα(x) = cα + dαβx
β , ∀x = (x1, x2) ∈ D,
But ϕαβ(w) = 0 also implies that dαβ = −dβα; hence there exist two vectors ~c, ~d ∈ ℜ2
such that
w = ~c+ ~d× ~x, ∀x ∈ D,
Since w|eΓ = 0 and the set where such a vector field wα vanishes is always of zero area
unless ~c = ~d = 0, it follows that wα = 0 when area Γ˜0 > 0. On the other hand, in
view of boundary condition (3.13)
ϕ33(w) = ε
2r2(
∂w3
∂ξ
+
w2
r
) = 0⇒ ∂w
3
∂ξ
= 0⇒ w3 = 0,
The proof is complete.
Lemma 3.3. The norm ‖ · ‖Ω and the norm
|w|21,Ω =
∫
Ω
[
3∑
i=1
(
2∑
α=1
(
∂wi
∂xα
)2 + (
∂wi
∂ξ
)2)]rεdξdx, ∀w ∈ V (Ω),
are equivalent in V (Ω),i.e. there exist a constant Ci(Ω) > 0, i = 1, 2 depending upon
Ω only such that
C1(Ω)|w|1,Ω ≤ ‖w‖Ω ≤ C2(Ω)|w|1,Ω, ∀w ∈ V (Ω), (3.33)
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Proof. Firstly we indicate that in view of (3.11)(3.12) we assert that there exist
a constant Ci(Ω) > 0, i = 1, 2 depending upon Ω only such that
C1(Ω)(
3∑
i,j=1
‖ϕij(w)‖20,Ω)1/2 ≤ ‖w‖Ω ≤ C2(Ω)(
3∑
i,j=1
‖ϕij(w)‖20,Ω)1/2, ∀w ∈ V (Ω),
and ϕij(w) can be looked as strain tensor in Cartesian coordinates in ℜ3 then ac-
cording to Korn’s inequality (see [14][15]) the (
3∑
i,j=1
‖ϕij(w)‖20,Ω)1/2 is equivalent to
‖w‖1,Ω, therefor this reach to (3.33). The proof is complete.
Theorem 3.1. Under the new coordinate system, the stationary Navier-Stokes
equations can be explicitly expressed as Θ:
{
div(w) = ∂w
α
∂xα +
∂w3
∂ξ +
w2
r = 0,
N i(w, p,Θ) := Li(w, p,Θ) +NN i(u, u) = f i, i = 1, 2, 3, (3.34)
where
Lα(w, p,Θ) := −ν[∆˜wα − 2ε−1Θβ ∂2wα∂ξ∂xβ + (rε)−2a∂
2wα
∂(ξ)2 + r
−1 ∂wα
∂x2
−2rεδ2αΘλ ∂w3∂xλ − (rε)−1(δαλΘ2 + 2δ2αΘλ + rδαλ∆˜Θ)∂w
λ
∂ξ − 2r−1δ2α ∂w
3
∂ξ
−2εδ2αaΘ2w3 + δ2α(r−2δ2σ − 2Θ2Θσ − a2σ|∇˜Θ|2 − rΘλΘλσ)wσ)]
−2rδ2αωΠ(w,Θ) +∇αp− ε−1Θα ∂p∂ξ ,
NNα(w,w) := wβ ∂wα∂xβ + w3 ∂w
α
∂ξ − rδ2αΠ(w,Θ)Π(w,Θ),
(3.35)
L3(w, p,Θ) := −ν[∆˜w3 − 2ε−1Θβ ∂2w3∂ξ∂xβ + (rε)−2a∂
2w3
∂ξ2 + 3r
−1δ2β ∂w
3
∂xβ
+ε−2r−3a∂w
2
∂ξ + 2(rε)
−1(δ2βΘλ + rΘβλ)∂w
λ
∂xβ
−(rε)−1(Θ2 + r∆˜Θ)∂w3∂ξ + (rε)−1(r−1δ2αΘ2 + 3Θ2α + r∂α∆˜Θ)wα]
−2rωε−1Π(w,Θ)Θ2 − 2(εr)−1w2 − ε−1Θβ∂βp+ (rε)−1a∂p∂ξ ,
NNα(w,w) := wβ ∂w3
∂xβ
+ w3 ∂w
3
∂ξ + ε
−1wβwλΘβλ + (rε)−1Π(w,Θ)(2w2
+r2Θ2Π(w,Θ)),
(3.36)
where ∆˜ϕ = ∂
2ϕ
∂x1∂x1+
∂2ϕ
∂x2∂x2 , εˆ
αβ = +1,−1, 0 depending on (α, β) = (1, 2), (2, 1), or other case.
Under the new coordinate system the domain Ω = {(x1, x2) ∈ D,−1 ≤ ξ ≤ 1} is in-
dependent of geometry of blade’s surface Θ.
Proof. Substituting (3.19)(2.5)(2.6) and (3.20) into (3.7), tensor calculations show
that (3.14) is valid. The details is omitted here.
By using above formulae we claim that there exist of the Gateaux derivative of
the solution of Navier-Stokes equations to be satisfy following linearized Navier-Stokes
equation
Theorem 3.2. Assume that there exists a solution (w(Θ), p(Θ)) of Navier-Stokes
problem (3.7) such that define a mapping Θ ⇒ (w(Θ), p(Θ)) from H10 (D) ∩ H2(D)
to H1,q(Ω) × L2,q(Ω). Then there exist the Gaˆteaux derivatives of (w, p) at a point
Θ ∈ H10 (D)∩H2(D) with respect to any direction η ∈ H10 (D)∩H2(D):wˆ .=
Dw
DΘη, pˆ
.
=
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Dp
DΘη and satisfy following linearized equations:
div(wˆ) = 0
Li(wˆ, p̂,Θ) +NN i(w, ŵ) +NN i(ŵ, w) = Ri(w, p)
wˆ|Γs = 0, σij(wˆ, pˆ)nj |Γ0 = 0.
(3.37)
where
Rα(w, p,Θ) = νδ2α
∂2
∂xλ∂xσ
(rwσΘλ) + νε
−1∆˜∂w
α
∂ξ
+ν ∂∂xβ [−2(ε)−2Θβ ∂
2wα
∂ξ2 + 2rεδ2α
∂w3
∂xβ
+(rε)−1(δαλδ2β + 2δ2αδλβ)∂w
λ
∂ξ + 2εδ2αw
3(aδ2β + 2r
2ΘβΘ2)
+δ2αw
σ(2δ2βΘσ + 2Θ2δβσ + 2r
2(Θ2δσβ + δ2βΘσ)|∇˜Θ|2
−2a2σΘβ − rΘβσ)]− ∂∂xβ [2rδ2α(Π(w,Θ) + ω)wβ + ε−1δαβ ∂p∂ξ ]
(3.38)
R3(w, p,Θ) = νε−1(−∆˜(w2r ) + 3∂2α(r−1wα)) + ε−1∂βλ(wβwλ)− 2ν ∂∂xβ (Θβ ∂
2w3
∂ξ2 )
−ν(ε)−1 ∂
∂xβ
[2(rε)−1Θβ ∂w
2
∂ξ + 2r
−1 ∂wβ
∂x2 − r−1δ2β ∂w
3
∂ξ + r
−2δ2βw2]
+ε−1 ∂
∂xβ
[2wβ w
2
r − 2ωrωδ2βΠ(w,Θ)
+r(Π(w,Θ) − ω)(2Θ2wβ − δ2βΠ(w,Θ))] + ε−1∆˜p+ 2ε−1 ∂∂xβ (rΘβ ∂p∂ξ )
(3.39)
Proof. The Navier-Stokes equations (3.24) read
∂wα
∂xα +
w2
r +
∂w3
∂x3 = 0,Nα(w, p,Θ)~eα +N 3(w, p,Θ)~e3 = fα~eα + f3~e3. (3.40)
Set Gateaux derivative with respect with Θ along any director η ∈ W := H2(D) ∩
H10 (D) denoted by
D
DΘη. Then from (3.40) we obtain
D
DΘNα(w, p,Θ)~eαη + DDΘN 3(w, p,Θ)~e3η +Nα(w, p,Θ)D~eαDΘ η +N 3(w, p,Θ)D~e3DΘ η
= fαD~eαDΘ ~eαη + f
3D~e3
DΘ ~e3η,D
DΘNα(w, p,Θ)~eα + DDΘN 3(w, p,Θ)~e3 + [Nα(w, p,Θ)− fα]D~eαDΘ + [N 3(w, p,Θ)− f3]D~e3DΘ ~e3 = 0,
Hence,
D
DΘNα(w, p,Θ)η = Lα(ŵ, p̂,Θ)η +NNα(w, ŵ)η +NNα(ŵ, w)η +Rα(w, p,Θ)η = 0,D
DΘN 3(w, p,Θ)η = L3(ŵ, p,Θ)η ++NN 3(w, ŵ)η +NN 3(ŵ, w)η +R3(w, p,Θ)η = 0,
where Ri(w, p,Θ) can be obtain from (3.22)(3.23). Indeed, direction calculations from
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(3.22) show
−Rαη = −ν[−2ε−1 ∂2wα∂ξ∂xβ + 2(rε)−2r2Θβ ∂
2wα
∂(ξ)2 − 2rεδ2α ∂w
3
∂xβ ]ηβ
−ν[−(rε)−1(δαλη2 + 2δ2αηλ + rδαλ∆˜η)∂wλ∂ξ − 2εδ2αaη2w3 − 4εδ2αr2ΘβΘ2w3ηβ
+δ2α(−2η2Θσ − 2Θ2ησ − 2r2(Θ2ησ + η2Θσ)|∇˜Θ|2 − 2a2σΘβηβ − rηλΘλσ − rΘληλσ)wσ)]
−[rδ2α((Π(w,Θ) + 2ω)wβ + wβΠ(w,Θ)) + ε−1δαβ ∂p∂ξ ]ηβ
= ν(−rδ2αwσΘληλσ + ε−1 ∂wα∂ξ ∆˜η) + ν[2ε−1 ∂
2wα
∂ξ∂xβ
− 2(rε)−2r2Θβ ∂2wα∂(ξ)2 + 2rεδ2α ∂w
3
∂xβ
]ηβ
+ν[(rε)−1(δαλδ2β + 2δ2αδλβ)∂w
λ
∂ξ + 2εδ2αw
3(aδ2β + 2r
2ΘβΘ2)]ηβ
+νδ2α(2δ2βΘσ + 2Θ2δβσ + 2r
2(Θ2δσβ + δ2βΘσ)|∇˜Θ|2 − 2a2σΘβ − rΘβσ)wσ)ηβ
−[2rδ2α(Π(w,Θ) + ω)wβ + ε−1δαβ ∂p∂ξ ]ηβ
Taking into accounts of the homogenous boundary conditions for the η and inte-
grating by parts and using Green formula and incompressible condition
νε−1∆˜
∂wα
∂ξ
− 2νε−1 ∂
3wα
∂xβ∂xβ∂ξ
= −νε−1∆˜∂w
α
∂ξ
,
we claim
Rα(w, p,Θ) = νδ2α
∂2
∂xλ∂xσ
(rwσΘλ) + νε
−1∆˜ ∂w
α
∂ξ + ν
∂
∂xβ
[2(ε)−1 ∂
2wα
∂ξ∂xβ
− 2ε−2Θβ ∂2wα∂ξ2 + 2rεδ2α ∂w
3
∂xβ
]
+ν ∂∂xβ [(rε)
−1(δαλδ2β + 2δ2αδλβ)∂w
λ
∂ξ + 2εδ2αw
3(aδ2β + 2r
2ΘβΘ2)]
+νδ2α
∂
∂xβ [(2δ2βΘσ + 2Θ2δβσ + 2r
2(Θ2δσβ + δ2βΘσ)|∇˜Θ|2 − 2a2σΘβ − rΘβσ)wσ ]
− ∂∂xβ [2rδ2α(Π(w,Θ) + ω)wβ + ε−1δαβ ∂p∂ξ ]
This is (3.25). Next we consider (3.26). Indeed,
−R3η = −ν[−2ε−1ηβ ∂2w3∂ξ∂xβ + (rε)−22r2Θβηβ ∂
2w3
∂ξ2 + ε
−2r−32r2Θβηβ ∂w
2
∂ξ
+2(rε)−1(δ2βηλ + rηβλ)∂w
λ
∂xβ
−(rε)−1(η2 + r∆˜η)∂w3∂ξ + (rε)−1(r−1δ2αη2 + 3η2α + r∂α∆˜η)wα] + ε−1wβwληβλ
+(rε)−1wβηβ(2w2 + r2Θ2Π(w,Θ) − 2ω(x2)2Θ2)
+(rε)−1Π(w,Θ)(r2η2Π(w,Θ) + r2Θ2wβηβ − 2ω(x2)2η2)− ε−1ηβ∂βp+ (rε)−12r2Θβηβ ∂p∂ξ
= −ν(ε)−1[2∂wλ
∂xβ
ηβλ − ∂w3∂ξ ∆˜η + 3r−1wαη2α + wα∂α∆˜η] + ε−1wβwληβλ
+νε−1[2 ∂
2w3
∂xβ∂ξ
− 2ε−1Θβ ∂2w3∂ξ2 − 2(rε)−1Θβ ∂w
2
∂ξ − 2r−1 ∂w
β
∂x2 + r
−1δ2β ∂w
3
∂ξ − r−2δ2βw2]ηβ
+(rε)−1[(2w2 + r2Θ2Π(w,Θ)− 2ωr2Θ2)wβ
+Π(w, vΘ)(r2δ2βΠ(w,Θ) + r
2Θ2w
β − 2ωr2δ2β)− r∂βp+ 2r2Θβ ∂p∂ξ ]ηβ ,
By similar manner and
∂2βλ
∂wλ
∂xβ
= ∆˜
∂wλ
∂xλ
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we assert
R3(w, p,Θ) = νε−1(∆˜(2∂w
λ
∂xλ − ∂w
3
∂ξ − ∂w
α
∂xα ) + 3∂2α(r
−1wα)) + ε−1∂βλ(wβwλ)
+2νε−1∆˜∂w
3
∂ξ − 2ν ∂∂xβ (Θβ ∂
2w3
∂ξ2 )
−ν(ε)−1 ∂∂xβ [2(rε)−1Θβ ∂w
2
∂ξ + 2r
−1 ∂wβ
∂x2 − r−1δ2β ∂w
3
∂ξ + r
−2δ2βw2]
+ε−1 ∂
∂xβ
[rwβ(2w
2
r2 + 2Θ2(Π(w,Θ)− ω)) + rδ2βΠ(w,Θ)(Π(w,Θ) − 2ω]
+ε−1∆˜p+ 2ε−1 ∂
∂xβ
(rΘβ
∂p
∂ξ )
= νε−1(−∆˜(w2r ) + 3∂2α(r−1wα)) + ε−1∂βλ(wβwλ)− 2ν ∂∂xβ (Θβ ∂
2w3
∂ξ2 )
−ν(ε)−1 ∂∂xβ [2(rε)−1Θβ ∂w
2
∂ξ + 2r
−1 ∂wβ
∂x2 − r−1δ2β ∂w
3
∂ξ + r
−2δ2βw2]
+ε−1 ∂
∂xβ
[rwβ(2w
2
r2 + 2Θ2(Π(w,Θ)− ω)) + rδ2βΠ(w,Θ)(Π(w,Θ) − 2ω]
+ε−1∆˜p+ 2ε−1 ∂
∂xβ
(rΘβ
∂p
∂ξ )
This is (3.26). The proof is complete.
Associational variational formulation is given by
Find (ŵ, p̂) ∈ H1Γ(Ω)× L2(Ω) such that
a(ŵ, v) + b(w; ŵ, v) + b(ŵ;w, v) + 2(ω × ŵ, v)− (p̂, divv)
=
∫
Ω
R(w, p)vdV := (R(w, p), v), ∀ v ∈ H1Γ(Ω),
(q, divŵ) = o, ∀ q ∈ L2(Ω),
(3.41)
where
(R(w, p), v) =
∫
Ω
gijR
ivjdV =
∫
Ω
[aαβR
α(w, p,Θ)vβ
+εr2(Rα(w, p,Θ)v3 +R3(w, p,Θ)vα) + ε2r2R3(w, p,Θ)v3]rεdxdξ,
(3.42)
For the compressible case,
div(wˆρ+ wρ̂) = 0
div(ρŵiw + ρwiŵ + ρ̂wwi) + 2ρ̂(ω × w)i + 2ρ(ωω × ŵ)i + agij∇j(γργ−1ρ̂)
−∇j(Aijkmekm(wˆ)) = Si(w, ρ)
(3.43)
where
Si(w, p,Θ) = −∂βSi;β(w, p; Θ) + ∂2λσSi;(λ,σ)(w, p; Θ), (3.44)
where
Sα;β(w, p,Θ) = {rδα2 [(δβλΘσ + δβσΘλ)wλwσ + 2εw3wβ ] + 2ρrωδα2wβ − ε−1δαβ ∂(aρ
γ)
∂ξ
+2νε−1[−Θαgjm∇jeβ3m(w)− (ε−2ΘαΘβ + δαβg33)∇3e33(w)
+ε−1(Θαδβλ +Θλδαβ)∇λe33(w) + ε−1(Θαδβλ + 2Θβδαλ +Θλδαβ)∇3e3λ(w)
−δαβ∇λe3λ(w) −∇βe3α(w)−∇3eαβ(w)
−r−1(δα2δβλ + 3δαλδβ2)(e3λ(w)− ε−1Θλe33(w))]}
Sα;(λ,σ)(w, p, ; Θ) = −2νε−1[(δαβδγλ + δαγδβλ)(e3γ(w) − ε−1Θγe33(w))
+Θαg
jm(∇jeβλ3m(w,Θ)]
(3.45)
14 Kaitai Li, Jian Su, and Liquan Mei
S3;β(w, p,Θ) = {−[(rε)−1(δ2λδβσ + δ2σδβλ + r2(δβ2ΘλΘσ +Θ2δβσΘλ +Θ2Θσδβλ))wλwσ
+2r(δβλΘ2 + δ
β
2Θλ)w
3wλ + rεδβ2w
3w3]
+2rω((w3 + ε−1wλΘλ)δβ2 + ε−1wβΘ2)− ε−1∇βp+ 2ε−2Θβ ∂p∂ξ
+2νg3kgjm∇jeβkm(w) + 2νε−1[g33(4ε−1∇3e33(w) −∇βe33(w)) +∇λeβλ(w)
+ε−1(2δβλ∇σe3σ(w) −∇λe3β(w) +∇βe3λ(w))Θλ
−2ε−2(2∇3e3λ(w) +∇λe33(w))] − 2ν[−(rε)−1e2β(w)
+e3γ(w)[ε
−2r−1(δγ2Θβ − 3δβ2Θγ) + rε−2(δβγΘ2 − δ2βΘγ)|∇Θ|2]
+e33(w)(rε)
−3δ2β(4 + 3r2|∇Θ|2)]}
S3;(λ,σ)(w, p, ; Θ) = {2ν[ε−1(ε−2ΘλΘσ + δλσg33)e33(w) − ε−2(Θλδγσ +Θγδλσ)e3γ(w)]
−ε−2wλwσ + 2νg3kgjm∇jeλσkm(w,Θ)}.
(3.46)
4. A Principle of Geometric Design for Blade’s Surface. We consider
naturedly to choice global dissipative energy to be object functional for geometric
design of the blade surface. The global dissipative energy functional is given by
Φ(w, v) = Aijklekl(w)eij(v),
J(S) = 1/2
∫ ∫ ∫
Ωε
Φ(w(S), w(S))dV =
∫ ∫ ∫
Ωε
Aijklekl(w)eij(w)
√
gdxdξ,
Aijkl = λgijgkl + µ(gikgjl + gilgjk),
(4.1)
where Ω = D × [−1, 1] and Ωε is flow passage in Turbomachinery bounded by Γt ∪
Γb ∪ Γin ∪ Γout ∪ S+ ∪ S−. We proposal a principle for geometric design of the blade:{
Find a surfaceℑ of the blade such that
J(ℑ) = inf
S∈F
J(S), (4.2)
where F denotes a set of regular surfaces spanning on a given Jordannian curve
C ∈ R3. The ℑ is called a ”general minimal surface which achieves a minimum
of object dissipative energy functional. In other words, from mathematical point of
view, this minimum problem of geometric sharp of the surface of the blade is a general
minimal surface problem.
Note that (4.2) is also an optimal control problem with distribute parameters,
control variable is the surface of the blade and the Navier-Stokes equations are the
state equations of this control problem.
In sequel, we prove that equation (2.7) is the Eular-Lagrange equations of optimal
problem and Navier-Stokes equations are its state equations.
In order to investigate optimal control problem (4.2) we should consider the object
functional J in a fixed domain in new coordinate system.
Let ŵη = DwDΘ(Θ)η denote Gateaux derivative ofw at Θ in direction η ∈ V (Ω).Then
according to (3.20) , we have following lemma
Lemma 4.1. Assume that (w, p) is a solution of Navier-Stokes equations (3.1)(3.6)
associated with Θ ∈ H1(D) which define a mapping (w(Θ), p(Θ) from W (D) =
H10 (D)∩H2(D) to H1(Ω)3×L2(Ω) :Θ⇒ (w(Θ), p(Θ)). Then (w(Θ), p(Θ)) is Gateaux
differential in H1(D) with respect to all direction η ∈ W (D). The Gateaux derivatives
ŵη = DwDΘη, p̂η =
Dp
DΘη are a solution of (3.37). Then the strain rate tensor eij(w)
defined by (3.2) possesses Gateaux derivatives
Deij(w)
DΘ (Θ)η at any point Θ ∈ H2(D)
along every direction η ∈ W (D), and
Deij(w)
DΘ η = eij(ŵ)η + e
λ
ij(w)ηλ + e
λσ
ij (w)ηλσ , (4.3)
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where
eλαβ(w) = ψ
λ
αβ(w) + (ψ
λσ
αβ(w) + ψ
σλ(w))Θσ +
1
2r
2wσ(δαλΘσβ + δβλΘασ),
eλσαβ(w) =
1
2r
2wσ(Θαδβλ +Θβδαλ),
eλα3(w) = ψ
λ
α3(w) + (ψ
νλ
3α + ψ
λν
3α)Θν , e
λσ
3α(w) =
1
2εr
2wσδαλ,
eλ33(w) = ψ
λ
33(w), e
λσ
33 (w) = 0.
(4.4)
Proof. From (3.20) we claim
Deij(w)
DΘ η = eij(ŵ)η + ϕ
λ
ij(w)ηλ + ϕ
λσ
ij (ηλΘσ +Θλησ) +Rij(w,Θ)η,
Rαβ(w,Θ)η =
1
2r
2wσ[(δαλΘσβ + δβλΘασ)ηλ + (δβλΘα + δαλΘβ)ηλσ ],
R3α(w,Θ)η =
1
2εr
2wσδαλ, R33(e,Θ) = 0.
This leads to (4.3) and (4.4). The proof is completed.
Lemma 4.2. Under the assumptions in Lemma 4.1, the dissipative functions Φ(w)
defined by (4.1) is Gateaux differential at Θ ∈ H2(D) along any direction η ∈ W ,
and
DΦ(w)
DΘ η = Φ
0(ŵ, w)η +Φλ(w,Θ)ηλ +Φ
λσ(w,Θ)ηλσ , (4.5)
where 
Φ0(ŵ, w) = 2Aijkleij(ŵ)ekl(w),
Φλ(w,Θ) = 2Aijkleλij(w)ekl(w) +M
λ(w,Θ),
Φλσ(w,Θ) = 2Aijkleλσij (w)ekl(w),
(4.6)
Mλ(w,Θ) = 4ε−2(Θλδαβ +Θαδβλ)e3α(w)e3β(w)
+4ε−4r−2aΘλe33(w)e33(w) − 4ε−1e3α(w)eαλ(w)
−4ε−3r−2(2r2ΘαΘλ + (r2|∇Θ|2 + 1)δαλ)e33(w)e3α(w).
(4.7)
Proof. Indeed, taking (3.24) and (4.3) into account,
DAijkl
DΘ ηeij(w)ekl(w) =M
λ(w,Θ)ηλ, (4.8)
where Mλ(w,Θ) is defined by (4.7). Then
DΦ(w)
DΘ η = 2A
ijkl Deij(w)
DΘ ηekl(w) +
DAijkl
DΘ ηeij(w)ekl(w),DΦ(w)
DΘ η = 2A
ijkleij(ŵ)ekl(w)η + (2A
ijkleλij(w) +M
λ(w,Θ))ηλ
+2Aijkleλσij (w)ekl(w)ηλσ ,
(4.9)
From this it yields (4.5)(4.6). The proof is complete.
Theorem 4.1. Under the assumptions in Lemma 3.2 the object functional J
defined by (4.1) has a Gaˆteaux derivative gradJ ≡ DJDΘ in every direction η ∈ W :=
H2(D) ∩H10 (D). Furthermore gradJ is determined by
< gradΘ(J(Θ)), η >=
∫ ∫
D
[Φˆ0(w; wˆ)η + Φˆλ(w,Θ)ηλ + Φˆ
λσ(w,Θ)ηλσ
+2µr2W νσΘνληλσ]εrdx
1dx2,
(4.10)
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where
Φˆ0(w; wˆ) =
∫ 1
−1Φ
0(w; wˆ)dξ, Φ̂λ(w,Θ) =
∫ 1
−1Φ
λ(w,Θ)dξ,
Φ̂λσ(w,Θ) = 2νr2(εW σ3λ +W
σν
λ Θν),
Wαβ =
∫ 1
−1 w
αwβdξ, Wαβλ :=
∫ 1
−1 w
α ∂wβ
∂xλ dξ.
(4.11)
where wˆ =
Dw
DΘ are the Gaˆteaux of the solution (w) of Navier-Stokes equations at
point Θ, Φ0,Φλ are defined by (4.6).
Proof. Indeed, taking into account of (4.5) and (4.6) we assert that
< gradΘ(J(Θ)), η >=
∫ ∫
D
∫ 1
−1
DΦ(w,Θ)
DΘ ηεrdξdx
=
∫
D
∫ 1
−1 2ν[Φ
0(ŵ, w)η +Φλ(w,Θ)ηλ +Φ
λσ(w,Θ)ηλσ ]rεdξdx
=
∫
D
2µ[Φˆ0(w; wˆ)η + Φˆλ(w,Θ)ηλ + Φˆ
λσ(w,Θ)ηλσ + 2µr
2W νσΘνληλσ]εrdx
1dx2,
(4.12)
where we need to show only last two terms in (4.12). In fact, from (4.4) (4.6) and
(3.24)
Φλσ(w,Θ) = 2Aijkleλσij (w)ekl(w) = 4ν{eλσαβ(w)eαβ(w) + 2(g33δαβ + ε−2ΘαΘβ)eλσ3α(w)e3β(w)
+g33g33eλσ33 (w)e33(w)− 2ε−1Θβ(eλσαβ(w)e3α(w) + eαβ(w)eλσ3α(w))
−2ε−1g33Θα(eλσ33 (w)e3α(w) + e33(w)eλσ3α(w))
+ε−2ΘαΘβ(eλσαβ(w)e33(w) + eαβ(w)e
λσ
33 (w))},
In view of eλσ33 (w) = 0 therefore, make rearrangement,
Φλσ(w,Θ) = 4ν{eλσαβ(w)(eαβ(w) − 2ε−1Θβe3α(w) + ε−2ΘαΘβe33(w))
+2eλσ3α(w)((g
33δαβ + ε−2ΘαΘβ)e3β(w) − ε−1Θβeαβ(w)− ε−1g33Θαe33(w))}.
Substituting (4.4) into above leads to
Φλσ(w,Θ) = 2νr2wσ[(2ε−2|∇Θ|2 − 2g33)Θλe33(w)
+2ε(g33δλβ + ε
−2ΘλΘβ − ε−2(ΘβΘλ + |∇Θ|2δβλ)e3β(w))]
= 4νε−2wσ[εe3λ(w) −Θλe33(w)]
= 4νε−2wσ[ ε2 (
∂wλ
∂ξ + ε
2r2 ∂w
3
∂xλ
) + 12ε
2r2(∂w
ν
∂xλ
− ∂w3∂ξ δλν)Θν
− 12εr2 ∂w
ν
∂ξ ΘνΘλ +
1
2ε
2r2wνΘλν ],
(4.13)
By virtue of (3.20-22) and the index (λ, σ) in Φλσηλσ being symmetry,∫ 1
−1
wσ∂ξw
λdξ =
∫ 1
−1
1
2
∂ξ(w
λwσ)dξ =
1
2
wλwσ|ξ=1,−1 = 0, (by boundary conditions)
we have ∫ 1
−1Φ
λσ(w,Θ)dξ = 2νr2
∫ 1
−1 w
σ [ε∂w
3
∂xλ
+ ∂w
ν
∂xλ
Θν ]dξ + 2νr
2W νσΘλν
= 2νr2[εW σ3λ +W
σν
λ Θν +W
νσΘλν ].
The proof is complete.
Taking integration by part of (4.10) and considering homogenous boundary con-
dition for η ∈ W (D),it implies
< gradΘ(J(Θ)), η >=
∫
D
ε[∂λσ(2µr
3W σνΘνλ+rΦ̂
λσ(w,Θ))−∂λ(rΦ̂λ(w,Θ))+rΦ̂0(w, ŵ)]ηdx.
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From above discussion we obtain directly Theorem 2.1 The Euler-Lagrange equa-
tion for the extremum Θ of J is given by:{
∂2
∂xλ∂xσ
(2νr3W νσ ∂
2Θ
∂xν∂xλ
) + ∂
2
∂xλ∂xσ
(rΦˆλσ(w,Θ))− ∂
∂xλ
(rΦˆλ(w,Θ)) + Φˆ0(w, ŵ)r = 0,
Θ|γ = Θ0, ∂Θ∂n |γ = Θ∗,
(4.14)
and variational formulation associated with (4.14) reads{
FindΘ ∈ V (D) = {q|q ∈ H2(D), q|γ = Θ0, ∂q∂n |γ = Θ∗}such that∫
D{(KαβλσΘαβ + Φˆλσ(w,Θ))ηλσ + Φ̂λ(w,Θ)ηλ + Φ̂0(w, ŵ)η}εrdx, ∀ η ∈ H20 (D),
(4.15)
where
Kαβλσ := 2νr3Wασδβλ. (4.16)
5. Second Model. Let us choice the rate of work done by the impeller under
certain ratio of inlet and outlet pressure as minimizing functional (3.10)
I(ℑ) =
∫ ∫
ℑ−∪ℑ+
σ · n · eθrωdS, (5.1)
where n is unite normal vector to the surface ℑ and (er, eθ, k) are bases vector in
rotating cylinder coordinate system, σ is total stress tensor for compressible flow.
Our purpose is to find a surface ℑ of blade such that
I(ℑ) = inf
S∈F
I(S), (5.2)
where F denotes a set of regular surface spanning on a given Jordannian curve C ∈ R3.
Under new coordinate system (5.1) can be rewritten by
I(ℑ) = ∫
D
{[((−p+ λdivw)gij + 2µeij(w))ni(eθ)jωr√a]|ξ=−1
+[((−p+ λdivw)gij + 2µeij(w))ni(eθ)jωr√a]|ξ=−1}rεdx, (5.3)
Next we compute (5.3). To do this, we give the followings without proof: n(ξ) = ni(ξ)ei, nλ(ξ) = −rΘλ/
√
a, n3(−1) = (εr)−1 1+r2Θ22√
a
,
n3(1) = −(εr)−1 1+r2Θ22√
a
, eθ = (rε)
−1e3, (eθ)α = 0, (eθ)3 = (rε)−1.
(5.4)
Thanks to (2.5) and (5.4) we claim that (−p+ λdivw)gijn
i(eθ)
j = (−p+ λdivw)(rε)−1(g33n3 + g3λnλ)
= (−p+ λdivw)(rεn3 + rΘαnα), for ξ = ±1,
2µeij(w)n
i(eθ)
j = 2µ(rε)−1(e33(w)n3 + e3λ(w)nλ),
(5.5)
Substituting (5.4)(5.5) into (5.3) and simple calculations lead to{
I(ℑ) = ∫
D
{(1 + r2Θ22)(−2P˜ + 2λdivW˜ )− r2|∇Θ|2(−2P + 2λdivW )
+2µ(rε)−1((rε)−1(1 + r2Θ22)e33(W˜ )− rΘαe3α(W ))}rωεrdx,
(5.6)
where we use notation
w|ξ=−1 = w(−1), w|ξ=1 = w(1), W = (w(1) + w(−1))/2, W˜ = (w(−1)− w(1))/2,
P = (p(1) + p(−1))/2, P˜ = (p(−1)− p(1))/2,
WΘ :=
DW
DΘ , PΘ :=
DP
DΘ , W˜Θ :=
DfW
DΘ , P˜Θ :=
D eP
DΘ ,
(5.7)
18 Kaitai Li, Jian Su, and Liquan Mei
Hence
P˜ − P = −p(−1), W˜ −W = −w(−1), (5.8)
and in view of Lemma 3.2, the gradient of I along any direction η ∈ H10 (D) is given
by
Theorem 5.1. Under the assumptions in Lemma 3.2 the object functional I
defined by (5.1) has a Gaˆteaux derivative gradI ≡ DIDΘ in every direction η ∈ H
1
0 (D).
Furthermore gradI is determined by
< gradI(ℑ), η >= ∫D{[Ψ0(w, p,Θ)η +Ψλ(w, p,Θ)ηλ +Ψλσ(w, p,Θ)ηλσ ]rωεr}dx,
(5.9)
where
Ψ0(w, p,Θ) := (1 + r
2Θ22)(−2P˜Θ + 2λdivW˜Θ)− r2|∇Θ|2(−2PΘ + 2λdivWΘ)
+2µ(rε)−1((rε)−1(1 + r2Θ22)e33(W˜Θ)− rΘαe3α(WΘ)),
Ψλ(w, p,Θ) = Ψλ0 (w, p) + Ψ
λ
ν (w, p)Θν +Ψ
λ
νµ(w, p)ΘνΘµ +Ψ
λ
∗(w, p,Θ),
Ψλσ(w, p,Θ) := −2µε−1Θαeλσ3α(W ) = −µr2W σΘλ,
(5.10)

Ψλ0 (w, p) = 2µ((rε)
−2ψλ33(W˜ )− ε−1ϕ3λ(W )),
Ψλν (w, p) = [−2r2(−2P + 2λdivW )δλν + (2r2(−P˜ + 2λdivW˜ )
+2ε−2ϕ33(W˜ ))δ2λδ2ν − 2µε−1(ψλ3ν(W ) + ψν3λ(W ))],
Ψλνµ(w, p) = 2µε
−2[ψλ33(W˜ )δ2ν + 2ψ
ν
33(W˜ )δ2λ]δ2µ
−2µε−1[ψνλ3µ (W ) + ψλν3µ (W ) + ψνµ3λ (W )],
Ψλ∗(w, p,Θ) = −µr2W σΘλσ,
(5.11)
Proof. Firstly, by virtue of (3.21) we assert
DdivW
DΘ = div
DW
DΘ .
In addition, thanks to (4.7) and denote
WΘ :=
DW
DΘ , W˜Θ :=
DW˜
DΘ , PΘ :=
DP
DΘ , P˜Θ :=
DP˜
DΘ ,
(5.6) shows
< gradΘI, η >=
∫
D{2r2Θ2η2(−2P˜ + 2λdivW˜ ) + (1 + r2Θ2)(−2P˜Θ + 2λdivW˜Θ)η
−2r2Θληλ(−2P + 2λdivW )− r2|∇˜Θ|2(−2PΘ + 2λdivWΘ)η
+2µ(rε)−1[(rε)−12r2Θ2η2e33(W˜ ) + (rε)−1(1 + r2Θ22)
De33
DΘ (W˜ )η − rηαe3α(W )− rΘαDe3αDΘ (W˜ )η]
In view of (4.7)(4.8) and rewriting integrated we claim the first of (5.10). Moreover
Ψλ(w, p,Θ) = 2r2Θ2δ2λ(−P˜ + 2λdivW˜ )− 2r2Θλ(−2P + 2λdivW )
+2µ(rε)−1[(rε)−1(1 + r2Θ2)eλ33(W˜ ) + 2r
2(rε)−1δ2λΘ2e33(W˜ )
−rΘαeλ3α(W )− re3λ(W )],
(5.12)
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Ψλσ(w,Θ) = −2µε−1Θαeλσ3α(W ) = −µr2W σΘλ.
Thanks to
e3λ(w) = ψ3λ(w) + ψ
ν
3λ(w)Θν + ψ
νµΘνΘµ +
1
2
εr2wσΘλσ
and Taking (4.8) and (3.16)(3.17) into account, simple calculation from (5.12) shows
Ψλ(w, p,Θ) = 2µ(rε)−2ψλ33(W )− 2µε−1ϕ3λ(W )
+[(2r2(−P˜ + 2λdivW˜ ) + 4µε−2ϕ33(W˜ ))δ2λδ2ν
−2r2(−2P + 2λdivW )δλν − 2µε−1(ψλ3ν(W ) + ψν3λ(W ))]Θν
+[2µε−2(ψλ33(W )δ2ν + 2ψ
ν
33(W )δ2λ)δ2µ
−2µε−1(ψνλ3µ (W ) + ψλν3µ (W ) + ψνµ3λ (W ))]ΘνΘµ
−2µ(εr)−1r 12εrW σΘλσ,
(5.13)
This leads to second of (5.10).
Integrating by parts in (5.9) yields
< GradΘI, η >=
∫
D[εr
2ωΨ0(w, p,Θ)
− ∂
∂xλ
(εr2ωΨλ(w, p,Θ)) + ∂
2
∂xλ∂xσ
(εωr2Ψλσ(w, p,Θ))]ηdx
(5.14)
Hence the stationary point of minimum problem should satisfies following Eular-
Lagrange equation
εr2ωΨ0(w, p,Θ)− ∂∂xλ (εr2ωΨλ(w, p,Θ)) + ∂
2
∂xλ∂xσ (εωr
2Ψλσ(w, p,Θ)) = 0 (5.15)
However,
∂2
∂xλ∂xσ (εωr
2Ψλσ(w, p,Θ)) = − ∂2∂xλ∂xσ (µωεr4W σΘλ)
= − ∂2
∂xλ∂xσ
(µωεr4W σ)Θλ − µεωr4W σ ∂2∂xλ∂xσ (Θλ)− ∂∂xλ (µωεr4W σ) ∂∂xσ (Θλ)
− ∂∂xσ (µωεr4W σ) ∂∂xλ (Θλ)
In addition
− ∂∂xλ (Ψλ∗(w, p,Θ)) = ∂∂xλ (εωµr4W σΘλ) = ∂∂xλ (εωµr4W σ)Θσλ + µεωr4W σΘσλλ,
Therefore
− ∂
∂xλ
(Ψλ∗(w, p,Θ)) +
∂2
∂xλ∂xσ
(εωr2Ψλσ(w, p,Θ)) = − ∂2
∂xλ∂xσ
(µωεr4W σ)Θλ − ∂∂xσ (µωεr4W σ)∆˜Θ,
where
∆˜Θ = Θ11 +Θ22.
On the other hand,
−∂λ(Ψλ0 +ΨλνΘν +ΨλµνΘνΘµ) = −(∂λΨλ0 + ∂λΨλνΘν + ∂λΨλνµΘνΘµ) + (Ψλν + (Ψλνµ +Ψλµν)Θµ)Θλν
To sum up and by simply calculation, we obtain Theorem 2.2:{ −(K0(w)∆˜Θ +Kλν(w,Θ)Θνλ) + F νµ(w)ΘνΘµ + Fλ(w)Θλ + F0(w,Θ) = 0,
Θ|γ = Θ0, γ = ∂D,
(5.16)
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K0(w) = µεω
∂(r4Wσ)
∂xσ ,
Kλν(w) = ωεr2(Ψλν (w) + (Ψ
λ
νµ(w) + Ψ
λ
µν(w))Θµ),
F νµ(w) = −ωεr(r∂λΨλνµ(w) + 2δ2λΨλνµ(w)),
Fλ(w) = −(µεω∂2νσ(r4W σ) + ωεr(r∂λΨλν (w) + 2δ2λΨλν (w)),
F0(w,Θ) = ωεr
2Ψ0(w,Θ)− ωεr(r∂λΨλ0 (w) + 2δ2λΨλ0 (w)),
(5.17)
where Ψ0,Ψ
λ
ν and Ψ
λ
νµ are defined by (5.10) and (5.11) respectively. Variational
formulation associated with (5.16) is given by{
FindΘ ∈ V = {q|q ∈ H1(D), q|γ = Θ0} such that∫
D{[Ψ0(w, p,Θ)η +Ψλ(w, p,Θ)ηλ +Ψλσ(w, p,Θ)ηλσ]rωεr}dx,
(5.18)
where Ψ0(w, p,Θ),Ψ
λ(w, p,Θ),Ψλσ(w, p,Θ) are defined by (5.10).
6. Existence of Solution to the Optimal Control Problem. In this section,
we discuss existence of the optimal control problem (3.1) for incompressible case. As
well known the object functional
J(Θ) =
1
2
∫
Ω
Aijkl(Θ)eij(w(Θ))ekl(w(Θ))
√
gdxdξ =
1
2
a(w(Θ), w(Θ)), (6.1)
is depending upon the existence of solution w to Navier-Stokes equations. Since the
solution w of Navier-Stokes equation and Aijkl are the functions of Θ , therefore J is
a function of Θ. However J can be read as a function of w : J(Θ) = J˜(w(Θ)). As
well known that if there exists Gateaux derivative DJDΘ of J(Θ) with respect to Θ at
Θ∗, Then the minimum point Θ of (3.1) is necessary to satisfies
gradSJ(Θ) = 0.
and from this, if Θ is regular then Eular-Lagrange equation for Θ can be obtained.
At first,It is well known that following theorem give a sufficient condition of the
existence
Theorem 6.1. (Generalized Weierstrass Theorem)[13] Let X be a reflexive Ba-
nach Space,and U a bounded and weakly closed subset of X. If the functional J is
weakly lower semi-continuous on U,then J is bounded from below and J achieves its
infirm on U. We consider functional defined in a closed convex set in a Sobolev space
V (Ω) := {u|u ∈ H1,p(Ω), u|Γ0 = 0, ∂Ω = Γ0 ∪ Γ1,meas(Γ0) 6= 0}.
Let
J˜(w) =
∫
Ω
Aijkleij(w)ekl(w)
√
gdxdξ
Lemma 6.1. J˜(w) is weak lower semi-continuous with respect to w in H1(Ω)3.
Proof. We firstly need to establish the uniform positive definiteness of the three-
dimensional tensor Aijkl . ”Uniform” means with respect to all points x ∈ Ω and
to symmetric matrices of the order three {tij}. Namely, there exist a constant
c(Ω,Θ, µ) > 0 such that
Aijkl(x)tkltij ≥ c
∑
i,j
|ti,j |2. (6.2)
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See the proof of Th1.8-1 in [P.G.Ciarlet 2000]. Note that Ω is a Lipschitz domain,g =
det(gij) = ε
2r2 > 0. Therefore, we claim
a(w,w) ≥ νc(Θ,Θ)
∑
i,j
‖eij(w)‖20,Ω
On the other hand, the Korn inequality with boundary conditions in curvilinear co-
ordinates (see Th1.7-4 in [P.G.Ciarlet 2000]) shows that∑
i,j
||eij(v)||20,Ω ≥ c(Ω,Θ)||v||21,Ω, ∀v ∈ V. (6.3)
Hence
a(w,w) ≥ µc(Ω,Θ)‖w‖21,Ω, (6.4)
We assert that a(·, ·) is a equivalent norm in H1(Ω)3. In other words , J˜(·) is a
equivalent norm in H1(Ω)3. As well known that the norm in a Hilbert space , as
a functional, is weakly lower semi-continuous. we assert J˜ is weakly lower semi-
continuous with respect to w. Proof is complete.
By virtue of Lemma 3.3 we directly to obtain
Lemma 6.2. If the function w(Θ) of Navier-Stokes equations satisfies the follow-
ing:
Assumption P : Θn ⇀ Θ0(weakly)⇒ wn = w(Θn)⇀ w0 = w(Θ0)(weakly).
Then functional J(Θ) is weak lower semi-continuous with respect to Θ.
Finally, we have
Theorem 6.2. Assume that the solutions (w, p) of Navier-Stokes equations with
mixed boundary condition are weakly continuous with respect to Θ.Then there exists
a two dimensional surface S defined by a smooth mapping
Θ : D −→W ≡ H2(D) ∩ (Θ ∈ H1(D),Θ|∂D = Θ∗, )
such that J(Θ) achieves its infirmum at {Θ, w(Θ)}.
Next we consider the existence of the solutions for Navier-Stokes equations. In
deed flow’s domain is unbounded domain. In section 3 we make artificial bound-
ary, inflow boundary Γin and outflow boundary Γout, and impose natural boundary
conditions (3.6). We also can impose the pressures
p|Γin = pin, p|Γout = pout,
or flux ∫
Γin
ρw · ndΓ = Q,
∫
Γout
ρw · ndΓ = Q,
Let us consider energy inequality. Owing to
(2ω × w,w) = 0,
Hence moment equations (3.11) show
a(w,w) + b(w,w,w) = (f, w),
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However,
b(w,w,w) =
∫
Ωw
j∇jwigikwk√gdxdξ =
∫
Ω(∇j(wjwi)− widivw)gikwk
√
gdxdξ
=
∫
Ω
(div(|w|2w)− gikwiwj∇jwk)√gdxdξ =
∫
Γ1
|w|2w · ndΓ− b(w,w,w)
b(w,w,w) =
1
2
∫
Γ1
|w|2w · ndΓ, (6.5)
Here we denote
|w|2 = gikwiwk, Γ1 = Γin ∪ Γout. (6.6)
The flux of inflow and outflow kinetic energy are respectively give by
Kin(w) =
∫
Γin
|w|2w · ndΓ, Kout(w) =
∫
Γout
|w|2w · ndΓ
where w · n = gijwinj and n is outward normal unite vector to inflow or out flow
boundary. Therefore (6.1) shows that
b(w,w,w) = Kout(w) −Kin(w), (6.7)
It is obvious that we can not make say Kout(w) <∞ .
Theorem 6.3. Suppose that the exterior force f and normal stress g of inflow
and out flow boundaries Γ1 = Γin ∪ Γout satisfy
‖F‖∗ := ‖f‖0,Ω + ‖gin‖−1/2,Γin + ‖gout‖−1/2,Γout ≤ ν2/(4c1c2), (6.8)
and the mapping Θ defined in (2.1) is C2(D)-function satisfied by
Θ ∈ C2(D,K0) ≡ {θ ∈ C2(D), ‖θλ‖ ≤ K0; , ‖θλσ‖ ≤ K0}, (6.9)
where K0 is a constant. Then there exists a smooth solution of the variational problem
(3.11) satisfying
‖∇w‖0,Ω ≤ c(Ω,Θ)µ
2c1
[1−
√
(1− 4c1c2‖F‖∗
(c(Ω,Θ)µ)2
)], (6.10)
where c1, c2 are constants depending of (Ω,K0) defined by (6.14)(6.15).
Proof. To prove the theorem for a steady Navier-Stokes problem, it is conve-
nient to construct the solution as a limit of Galerkin approximations in terms of the
eigenfunctions of the corresponding stead Stokes problem. This use of the Stokes
eigenfunctions (see in Heywood and Rannacher and Turek[20] and Glowinski[12]).
Galerkin equations are a system of algebraic equations for constant unknowns and
the Galerkin approximation solution w is a solution of the finite dimensional problem
a(w, v)+2(ω×w, v)+b(w,w, v) =< F, v >, ∀v ∈ Vm := span{ϕ1, ϕ2 · · · , ϕm} (6.11)
where ϕi, i = 1, 2, · · ·m are eigenfunctions of corresponding Stokes operator. Let Sρ
denote the spheres in Vm satisfying inequality (6.10). Assume that w∗ ∈ Sρ, we
seeking w such that
a(w, v) + 2(ω × w, v) + b(w∗, w, v) =< F, v >, ∀v ∈ Vm, (6.12)
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(6.12) is uniquely solvable because w∗ ∈ Sρ because the w = 0 is only solution of the
corresponding homogeneous equation (F = 0). Indeed, if w∗ satisfies (6.10) and w
satisfies (6.12) with the F = 0, taking (6.4) and
2(ω × w,w) = 0 (6.13)
into account, and combing (3.19) and (6.11) we assert
c(Ω,Θ)µ‖∇w‖20,Ω ≤ |b(w∗, w, w)| ≤ c1(Ω,K0)‖w∗‖L6‖∇w‖0‖w‖2 ≤ c1‖∇w∗‖0‖∇w‖20
≤ c1(Ω,K0) c(Ω,Θ)µ2c1 ‖∇w‖20,
(6.14)
This implies that w = 0. In order to apply Brouwer’s fixed point theorem, we have
to show the mapping w∗ ⇒ w take the ball Sρ defined by (6.10) into itself, suppose
that w∗ satisfies (6.10). Similarly to (6.13), for nonhomogeneous equation (F 6= 0)
,we obtain
c(Ω,Θ)µ‖∇w‖20,Ω ≤ |b(w∗, w, w)| + | < F,w > | ≤
c1(Ω,K0)‖∇w∗‖0‖∇w‖20 + c2(Ω,K0)‖F‖∗‖∇w‖0,
c(Ω,Θ)µ‖∇w‖0,Ω ≤ c1(Ω,K0)‖∇w∗‖0‖∇w‖0 + c2(Ω,K0)‖F‖∗, (6.15)
Here note that
Fw = gijF
iwj = (δαβ + r
2ΘαΘβ)F
αwβ + εΘα(F
αw3 + F 3wα) + ε2r2F 3w3
Therefore
‖∇w‖0 ≤ c2‖F‖∗c(Ω,Θ)µ−c1‖∇w‖0 ≤
c2‖F‖∗
c(Ω,Θ)µ− c(Ω,Θ)µ2 [1−
√
(1−4c1c2‖F‖∗/(c(Ω,Θ)µ)2)]
= c(Ω,Θ)µ2c1 [1−
√
(1− 4c1c2(c(Ω,Θ)µ)2 ‖F‖∗)]
Thus Brouwer’s fixed point theorem can be applied and gives the existence of Galerkin
approximations satisfying (6.8). Hence by a standard compactness argument there is
at least a subsequence of the Galerkin approximation converging to a weak solution
w ∈ V (Ω) of the steady problem (3.11):
Find (w, p), w ∈ V (Ω), p ∈ L2(Ω), such that
a(w, v) + 2(ω × w, v) + b(w,w, v)+
−(p, divv) =< F, v >, ∀ v ∈ V (Ω),
(q, divw) = 0, ∀ q ∈ L2(Ω),
Its smoothness is easily proven if one obtain a further estimate from the Galerkin
approximations by setting v = −Aw in (6.9). This gives
µ‖Aw‖20 = −2(ω × w,Aw) − b(w,w,Aw)+ < F,Aw >, (6.14)
Because Aw is solenoidal, one has the rather unusual trace estimate
|2(ω × w,Aw)| ≤ c3‖w‖0‖Aw‖0, | < F,Aw > | ≤ c3‖F‖∗‖Aw‖0, (6.15)
which we combine with (6.14) and Agmon inequality
‖w‖∞ ≤ c4‖∇w‖1/20 ‖Aw‖1/20 , ∀w ∈ D(A), (6.16)
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to get
µ‖Aw‖20 ≤ c4‖∇w‖3/20 ‖Aw‖3/20 + c3‖w‖0‖Aw‖0 + c3‖F‖∗‖Aw‖0. (6.17)
Then, by using Young’s inequality, we obtain
µ‖Aw‖0 ≤ 2c
2
4
µ2
‖∇w‖30 +
8c23
µ
‖w‖20 +
8c23
µ
‖F‖2∗. (6.18)
which is then inherited by the solution. The full classical smoothness of the solution
can now be obtained using the L2-regularity theory for the steady Stokes equations.
This completes the proof of Theorem 6.3.
It is clear that the bound in (6.10) is not uniform with respect to Θ. Next our
gaol is to prove the the solution w(Θ) of Navier-Stokes equations (3.11) with mixed
boundary condition is uniformly bounded. At first we prove
Lemma 6.3. Assume that
Θ ∈ F = {φ ∈ C1(Ω), sup
D
|∇φ| ≤ K1 := 1
2
√
5r
, } (6.19)
then
a(w(Θ), w(Θ)) ≥ µ/2(2eαβ(w)eαβ(w) + e3α(w)e3α(w) + e33(w)e33(w)), ∀w ∈ V (Ω)
(6.20)
where a(·, ·) is defined by (6.1) and ‖ · ‖Ω is defined by (3.25).
Proof. By virtue of (4.6)(2.1)(λ = 0) we claim
a(w,w) = 2µ[eαβ(w)eαβ(w) + (2ε
−2ΘλΘσ + 2δλσg33)e3λ(w)e3σ(w) + g33g33e33(w)e33(w)
−4ε−1Θαe3λ(w)eαλ(w) + 2ε−2ΘλΘσeλσ(w)e33(w) − 4ε−1Θλe3λ(w)e33(w)],
(6.21)
By Cauchy inequality and Yang inequality we obtain
4ε−1Θλe3λ(w)e33(w) ≤ 8ε−2(Θλe3λ(w))2 + 12 (g33e33(w))2,
4ε−1Θαe3λ(w)eαλ(w) ≤ 4
√
ε−2
∑
αλ
(Θαe3λ(w))2
√∑
αλ
(eαλ(w))2
≤ 16ε−2|∇Θ|2(e3λ(w)e3λ(w)) + 14eαλ(w)eαλ(w),
2ε−2ΘλΘσeλσ(w)e33(w) ≤ 2
√
ε−4
∑
λ,σ
(ΘλΘσe33(w))2
√∑
λ,σ
(eλσ(w))2
≤ 4ε−4|∇Θ|4e33(w)e33(w) + 14eλα(w)eαλ(w),
(6.22)
To sum up and thanks g33 = ε−2r−2 + ε−2|∇Θ|2 we assert that
a(w,w) ≥ 2µ[ 12eαβ(w)eαβ(w) + [−6ε−2ΘλΘσ + 2ε−2r−2δλσ − 14ε−2|∇Θ|2δλσ]e3λ(w)e3σ(w)
+(12g
33g33 − 4ε−4|∇Θ|4)e33(w)e33(w)],
Note
Θλe3λ(w)Θσe3σ(w) ≤ (
√∑
λ
Θ2λ
√∑
λ
e23λ(w))
2 ≤ |∇Θ|2e3λ(w)e3λ(w)
(
1
2
g33g33 − 4ε−4|∇Θ|4) = ε
−4
2
(r−4 + 2r−2|∇Θ|2 − 7|∇|4)
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Therefore
a(w,w) ≥ 2µ[ 12eαβ(w)eαβ(w) + 2ε−2r−2[1− 10r2|∇Θ|2]e3λ(w)e3λ(w)
+ ε
−4r−4
2 (1 + 2r
2|∇Θ|2 − 7r4|∇Θ|4)e33(w)e33(w)]
It is obvious that
2ε−2r−2[1− 10r2|∇Θ|2] ≥ 14ε−2r−2, if |∇Θ| ≤ 12√5r ;
ε−4r−4
2 (1 + 2r
2|∇Θ|2 − 7r4|∇Θ|4) ≥ 14ε−4r−4, if |∇Θ| ≤ 27r ,
Hence If Θ ∈ F then
a(w,w) ≥ 2µ[ 12eαβ(w)eαβ(w) + 14e3λ(w)e3λ(w) + 14e33(w)e33(w)],
End the proof.
Lemma 6.4. Assumption in Lemma 4.1 is held such that the constant K0 satisties
K0 ≤ 1√
2β0(Ω)
, (6.23)
where β0(Ω) is a constants depending Ω only .Then we have following unform coer-
civeness for bilinear form a(·, ·)
a(w,w) ≥ µ
4
‖w‖2Ω ≥
µ
4
C1(Ω)‖w‖21,Ω, ∀w ∈ H1(Ω)3, (6.24)
where α0(Ω) is a constant independent of Θ and ‖w‖2Ω is defined by (3.25).
Proof. In view of (3.16),
‖eαβ(w)‖20,Ω = ‖ϕαβ(w)‖20,Ω + ‖ψλαβ(w)Θλ‖20,Ω + ‖ψλσαβ(w)ΘλΘσ‖20,Ω + ‖e∗αβ(w)‖20,Ω
+2(ϕαβ(w), ψ
λ
αβ(w)Θλ) + 2(ϕαβ(w), ψ
λσ
αβ(w)ΘλΘσ)
+2(ϕνµαβ(w)ΘνΘµ, ψ
λ
αβ(w)Θλ) + 2(e˜αβ(w), e
∗
αβ(w)),
(6.25)
Using (3.18) it is easy to verify
‖ψλαβ(w)‖20,Ω ≤ β0(Ω)‖ϕα3(w)‖20,Ω, ‖ψλσαβ(w)‖20,Ω ≤ β0(Ω)(‖ϕαβ(w)‖20,Ω + ‖ϕ33(w)‖20,Ω),
‖ψλ3α(w)‖20,Ω ≤ β0(Ω)(‖ϕαβ(w)‖20,Ω + ‖ϕ33(w)‖20,Ω)
‖ψλσ3α (w)‖20,Ω ≤ β0(Ω)‖ϕα3(w)‖20,Ω, ‖ψλ33(w)‖20,Ω ≤ β0‖ϕ3α(w)‖20,Ω,
‖e∗αβ(w)‖20,Ω ≤ β0(Ω)K20‖ϕαβ(w)‖0,Ω, |(e˜αβ(w), e∗αβ(w))| ≤ K1/20 β0(Ω)‖w‖2D,
(6.26)
Remark 6.1. the constant β0(Ω) represents different meaning at different place.
By means of Schwarcs inequality, from (6.25)(6.26) we claim
‖eαβ(w)‖20,Ω ≥ ‖ϕαβ(w)‖20,Ω −K1/20 β0(Ω)‖w‖2Ω, (6.27)
By similar manner we imply
‖e3α(w)‖2 ≥ ‖ϕ3α(w)‖20,Ω−K1/20 β0(Ω)‖w‖2Ω, ‖e33(w)‖2 ≥ ‖ϕ33(w)‖20,Ω−K0β0(Ω)‖w‖2Ω,
Let return to (6.20), it yields that
a(w,w) ≥ µ2 [‖w‖20,Ω −K1/20 β0(Ω)‖w‖20,Ω].
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This yields that if (6.23) is satisfied then ,by Lemma 3.3, it yields (6.24) .
From Theorem 5.1 and Lemma 4.2 we conclude
Theorem 6.4. Assume the the assumptions in Theorem 6.1 are satisfied and
(6.23) held. The w(Θ) is a solution of rotating Navier-Stokes equations (3.11) asso-
ciated with Θ ∈ C2(Ω,K0). Then the following estimate held
‖w(Θ)‖Ω ≤ µ
2c1
[1−
√
(1− 4c1c2‖F‖∗
(µ)2
)], (6.28)
The solution is sequently weak continuous with respect to Θ, i.e. if sequence {Θi}
is weak convergent in H1(D) then there exist convergent subsequent in {w(Θi)} in
H1(Ω).
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